Abstract. We explain how to construct a quantum deformation of a spectral curve to a tau-function of the KP hierarchy. This construction is applied to Witten-Kontsevich tau-function to give a natural explanation of some earlier work. We also apply it to higher Weil-Petersson volumes and Witten's r-spin intersection numbers.
Introduction
By emergent geometry we mean the geometric structures that arise when one considers the partition function of a Gromov-Witten type theory on the big phase space. Such a theory has a finite-dimensional parameter space called the small phase space, and by the big phase space we mean its formal jet space. If {t a } m a=1 is a set of local coordinates on the small phase, one can introduce the induced coordinates {t a,n } 1≤a≤m,n≥0 on its formal jet space. When n ≥ 1, t a,n is called a descendant variable. The partition function of the theory is a formal power series Z(t) in the variables {t a,n : 1 ≤ a ≤ m, n ≥ 0}. The free energy F is the logarithm of Z: F = log Z. Physically, one starts with some geometric object and construct an N = 2 superconformal field theory from it. One takes suitable topological twist to get a topological field theory. The small phase space is the space of coupling constants of the primary chiral fields, whereas the big phase space is the space of coupling constants of their gravitational descendants. The partition function is generating function of all correlators. Constructing the mathematical theory and identifying the correlators as topological objects are often highly technical and often regarded as significant mathematical achievements. Mathematically, one considers the moduli spaces of algebraic curves (with extra structures, e.g. W-structures or maps into some ambient spaces). The correlators are the intersection numbers of some cohomology classes on the moduli spaces.
The simplest Gromov-Witten type theory is the Gromov-Witten theory of a point. Physically it is the theory of topological 2D gravity, and mathematically it corresponds to the intersection theory of the Deligne-Mumford moduli spaces of stable algebraic curves. A famous result, called Witten Conjecture/Kontsevich Theorem [27, 13] , states that the partition function Z W K of topological 2D gravity is a taufunction of the KdV hierarchy and it satisfies the Virasoro constraints [8] . This result have been generalized to many other interesting cases, whose partition functions Z are the tau-functions of some integrable hierarchies. They satisfy Virasoro constraints, or more generally, Wconstraints. More recently, many of them have been shown to satisfy the topological recursions starting from some plane curves called the spectral curves [10] . One can also use the boson-fermion correspondence to study the partition functions. This leads to conformal field theories on the spectral curves [33] .
In our earlier work on Witten-Kontsevich tau-function, the following picture for the interrelationships of such results has emerged:
Integrable hierarchy
Conformal field theory 
W-Constraints
[VI]
Together with some other result which we will briefly review momentarily, they form what we mean by emergent geometry in the case of Witten-Kontsevich tau-function. We borrow the terminology from statistical physics where an emergent phenomenon means a phenomenon that only arises when one has an infinite degree of freedom. In the center of this picture is some plane curve called the spectral curve. In the case of Witten-Kontsevich tau-function, it is the Airy curve defined by:
It first appeared in the setting of Eynard-Orantin topological recursion [10, 9, 5, 30] , establishing [VII] in the above picture. In the approach of [30] , we note that the EO topological recursions for the Airy curve is equivalent to the DVV Virasoro constraints. This establishes [VI] .
In [33] we note that the Laurent series:
where ξ 2 = 2y, leads to the miniversal deformation of the Airy curve
Here t 0 is a linear coordinate on the small phase space. Using all possible parameters from the big phase space, we construct a special deformation of the Airy curve of the following form:
It is uniquely characterized by the following property, equivalent to Virasoro constraints in genus zero:
To extend this to arbitrary genera, we endow the space of series of the form
the following symplectic structure:
Consider the canonical quantization:
Corresponding to the field x, we consider the following field of operators on the Airy curve:
where the operators β 2k+1 are defined by:
A regularized productsx(z) ⊙2 is defined in loc. cit., , and one can show that the DVV Virasoro constraints for Witten-Kontsevich tau-function is equivalent to the following equation:
In other words, DVV Virasoro constraints can be rephrased in terms of some quantization of (4). This establishes [VI] in the direction of obtaining the constraints from the spectral curve. The reversed direction was also established in loc. cit.. where we use the Virasoro constraints in genus zero to compute the genus zero one-point function restricted to the small phase space. The relationship [II] was established by [8] and [11] . It states that the τ is a tau-function of the KdV hierarchy satisfying the puncture equation iff it satisfies the Virasoro constraints. In the proof of Dijkgaaf-Verlinde-Verlinde [8] , one first derives the string equation from the KdV hierarchy and the puncture equation. In the proof of Kac-Schwarz [11] , Sato's Grassmannian and boson-fermion correspondence were used. By considering the fermionic reformulation of the puncture equation, the point in the Sato grassmannian corresponding to the Witten-Kontsevich tau-function is characterized using Airy functions, solution of the Airy equation which is itself a quantization of the Airy curve. (Airy functions seem to be ubiquitous in Gromov-Witten theory, see [7] for a survey. They have appeared in the proof of Witten Conjecture by Kontsevich [13] , Okounkov [18] , FaberZagier relations [19] , Pixton relations [20] , and more recently, in the theory of BCOV holomorphic anomaly equations [2] . ) Inspired by this work the author has obtained the explicit fermionic formula for Z W K in [31, 3] . This formula forms the basis of subsequent work [33] where a conformal field theory is associated to a tau-function of the KP hierarchy, hence establishing the relation [I] . In the same work we also explain how to regard the KdV hierarchy as noncommutative deformation of the Airy curve, hence establish half of the relation [II] by showing quantization of the spectral curve leads to the Lax operator in the KdV hierarachy. The purpose of this work is to complete the development of relation [II] in the reversed direction. As in loc. cit., we will work with the more general setting of KP hierarchy and understand how a spectral curve can be associated to a tau-function. In the mathematics literature, algebraic geometers have studied in the 1980s the problems of obtaining the spectral curve of integrable hierarchy, reversing Krichever's construction of a tau-function from a curve [14] . See [16] for a survey. Our approach to this problem is different. We will base on the work of Takasaki and Takebe [25] . These authors consider not only the Lax operator L, but the Orlov-Schulman operator M. They satisfy the string equation:
which is just a Heisenberg commutation relation. We understand them as noncommutative Darboux coordinates of a noncommutative symplectic structure on a noncommmutative plane. We introduce aŜ-operator as a noncommutative generating function that leads to a system noncommutative Hamilton-Jacobi equations. Another useful concept introduced by these authors is that of a twistor data of a tau-function of the KP hierarchy. It consists of a pair of functions (f ( , x, ∂ x ) and g( , x, ∂ x ) such that
and P = f ( , M, L) and Q = g( , M, L) are differential operators. We take a noncommutative canonical change of coordinates from (L, M) to (P, Q), and regardŜ as a generating function in P, Q. We understand the noncommutative Lagrangian submanifold on the noncommutative (P, Q)-plane as the quantum deformation of the special deformation of the spectral curve. The latter is obtained as follows. Consider the dispersionless limit of everything (which was the original setting for the work of loc. cit.), one gets an S-function on a (p, q)-plane with standard symplectic structure. Consider the Lagrange submanifold defined by this S-function. The S-function depends on all parameters in the large phase space. When restricted to the small phase space, it gives us the spectral curve. Hence by turning all parameters on the big phase space one gets the special deformation. We will focus on some special twistor data in this paper, i.e., we require the operator P to be a differnetial operator of finite order. Then one can use the theory of string equations developed by Schwarz [24] based on [11] . We summarize [III] in the following flow diagram:
KP hierarchy
Tau-function
Wave-function Dressing operator
Orlov opertor r r ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞ Action Operator
There is a similar diagram in the dispersionless limit. In this way, we not only give a natural explanation of our earlier work on WittenKontsevich tau-function, but also make it very easy to generalize to other situations, such as higher Weil-Petersson volumes and Witten's rspin intersection numbers. So far we have not been directly established the relationship [IV] and [V] . We hope to address them in future work.
We arrange the rest of the paper as follows. In Section 2 we explain the noncommutative symplectic geometry that emerges from a taufunction of the KP hierarchy. In Section 3 we explain how to combine this with the theory of string equations. The diespersionless limits are discussed in Section 4. As applications, we discuss the examples of Witten-Kontsevich tau-function, higher Weil-Petersson volumes and Witten's r-spin intersection numbers in Section 5. In the final Section 6, we draw some conclusions, describe some generalizes, and make some speculations.
Emergent Geometry of KP Hierarchy
In this section we explain the procedure to construct from a taufunction of the KP hierarchy a family of quantum spectral curves on a quantum plane, parameterized by the big phase space. We are based on Takasaki-Takebe [25] and interpret their results in the language of quantum symplectic plane, and use the notion of twistor data introduced by them to construct quantum spectral curves as quantum plane curves.
2.1. KP hierarchy. Suppose that τ (T; ) is a tau-function of the KP hierarchy, where T = (T 1 , T 2 , . . . ), and is a formal genus tracking parameter. The latter is a system of partial differential equations:
, and B k is a differential operator defined by
The coefficients u n are supposed to be of the following form:
This system is equivalent to the Zakharov-Shabat zero-curvature equations:
2.2. Wave-function and dressing operator. By Sato's formula, one can define the wave function from the tau-function as follows:
It is a formal solution of the form
to the system
The compatibility condition of this system is the system (14) .
The dressing operator W is defined by:
The dressing operator W and the wave-function w uniquely determine each other:
The operator L and W are related by:
The evolution of the operator W is governed by the Sato equation:
on both sides of (24), one gets:
where M is the Orlov-Schulman operator defined by
It can be written in the following form:
This operator satisfies the following equations:
The right-hand side of (27) is (32) (
on the other, write τ (T; ) = e F (T; ) , then the left-hand side of (27) is
Hence we obtain the following equation:
S-function.
Write the logarithm of the wave-function as follows:
By Sato's formula (19), we have
Consider the inversion of the equation (15):
Similarly, one can expand M and B n in powers of L as follows:
Then from the linear equations (21), (22), (27) , and (35), one can deduce the following relations:
So we have
Note B 1 = ∂, and so (41) is a special case of (43).
2.5.
Noncommutative Faber polynomials and noncommutative Grunsky coefficients. Let us briefly recall Faber polynomials and Grunsky coefficients in the theory of univalent functions. We will actually use the version developed in the setting of formal Laurent series by Schur [22] . Let g be a formal Laurent series in w:
the coefficients b n are assumed to commute with each other, and also with w. Consider its Lagrange inversion:
See Schur [23] for the algebraic version of Lagrange inversion formula for formal power series. The m-th Faber polynomial of f or g is
In particular,
So one can write
where c mn are called the Grunsky coefficients. Schur [22] derived a beautiful explicit formula for them using algebraic method for Laurent series. A more compact form of Schur's formula is:
By plugging in (44) and expanding the left-hand side as follows:
One can then get
where [−] x k denotes the coefficient of x k . This is the original formula of Schur [22] .
We are now in the natural setting of introducing noncommutative Faber polynomial and Grunsky coefficients. By (15) and (16), we understand the operator B k as the k-th noncommutative Faber polynomial of L, it is regarded as polynomial in ∂ x , with coefficients differential polynomials in u n+1 (x), n = 1, 2, . . . . We regard (41) as the noncommutative Lagrange inversion of the equation (15), then by comparing (43) and (48), one can regard q m,n+1 = ∂S n+1 ∂Tm as the noncommutative Grunsky coefficients. With such understandings, we follow some steps in Schur's work [22] in the noncommutative setting.
Let 
Consider the differential operator
By (43), D can be written as series in L with only negative powers, but since D is a differential operator, it means that D = 0. So one gets:
Then we gets
Now we plug in (43) and (54),
Comparing the coefficients of L −m on both sides:
From this one can recursively find q k,n+1 in terms of a i,j 's, and ultimately in terms of q n+1 = ∂S n+1 ∂x
. In other words, now we know that it is possible to express q k,n+1 =
∂S n+1
∂T k in terms of q n+1 = ∂S n+1 ∂x and their derivatives in x. One might find such expressions by generalizing other steps in [22] to the noncommutative setting and obtain a noncommutative analogue of Schur's explicit formula. We will not attempt this here.
2.6. TheŜ-operator and noncommutative Hamilton-Jacobi equation. Introduce an operator
then one has
One can regardŜ as the noncommutative action operator. TreatingŜ as a function in independent variables T and L, where T 1 = x and L are noncommutative to each other. Define noncommutative derivatives ∂ Tn and ∂ L , such that
Then one has
Here L is the noncommutative generalized position, and M is the noncommutative conjugate momentum; T n 's are time variables, and B n are the corresponding Hamiltonians.
2.7. Noncommutative symplectic geometry. Rewrite (61) as an equation of the differential form:
Take exterior differential one more time:
or equivalently,
Consider the noncommutative 2-form
The latter equation is equivalent to the zero-curvature condition (18) . So one can think of the pair (L, M) as noncommutative Darboux coordinates for the noncommutative two-form ω.
A grading.
Following Takasaki-Takebe [25] , define the order and the principal symbol of pseudo-differential operators as follows: For A = a n,m (T) n ∂ m , define (68) ord (A) := max{m − n| a n,m (T) = 0}.
In particular, ord ( ) = −1, ord (∂ x ) = 1. The principal symbol and the symbol of order l of a pseudo-differential operator A are defined by
2.9. Riemann-Hilbert problem and twistor data. Takasaki and Takebe [25] proved the following important results. 
n are two pseudo-differential operators of 0-th order, i.e., ord f = ord g = 0, and that they satisfy the canonical commutation relation [f, g] = .
Assume that there are two pseudo-differential operators L and M of the forms
respectively, are given and that ord
L is a solution of the KP hierarchy, and M is the corresponding OrlovShulman operator. The pair (f, g) above is called the twistor data of the tau-function of the KP hierarchy. Conversely, any solution of the KP hierarchy possesses a twistor data.
Hence one can also use the pair (P, Q) as noncommutative Darboux coordinates. In particular, one can expressŜ in terms of P and Q.
2.10.
Noncommutative Landau-Ginzburg superpotential. Now the operator P is a differential operator:
for some functions a k (T; ). We will refer to P as the noncommutative Landau-Ginzburg superpotential.
2.11.
Noncommutative special deformation. Let us rewriteŜ as a noncommutative function on the noncommutative (P, Q)-plane. We will consider the following noncommutative curve:
We will call this the noncommutative special deformation.
String Equation and W-Constraints
The operators P and Q coming from the twistor data are differential operators, maybe of infinite orders. In this Section we will focus on the case of P being a differential operator. We will review the work of Schwarz [24] which generalizes Kac-Schwarz [11] .
3.1. Special twistor data and string equation. Suppose that for some twistor data P is a differential operator of order n, of the following form:
Then one can rewrite it in terms of the Lax operator L:
Suppose furthermore that P = L n . Then by (25) one has:
By a well-known computation,
If follows that
So one has:
Suppose that there is some N such that c m = 0 for m > N. Then from
one can inductively show that c m are independent of x for all m, hence we will write them simply as c m ( ). And so
We will call a twistor data with differential operators P and Q given by (76) and (81) Since P and Q are differential operators, they satisfy:
By (76) and (81), these conditions are equivalent to:
where A is the Kac-Schwarz operator:
3.4. W-constraints. By (86), one gets:
One can convert these into constraints on the tau-function. When l = 0, z kn V ⊂ V for k ≥ 1 correspond to the condition
When l = 1, z kn AV ⊂ V correspond to the Virasoro constraints:
When l > 1, one gets more general W -constraints.
Emergent Geometry of Dispersionless KP Hierarchy
In this Section we recall some facts about the dispersionless limit of the KP hierarchy. It turns out that except for the wave-function, almost everything in Section 2 has a dispersionless version. Much of this Section is again based on the survey of Takasaki-Takebe [25] . 
Here the Poisson bracket {·, ·} is defined by:
Associate formal power series L and B n to these operators:
These are just the principal symbol of the corresponding operators. One can check that
and by (14),
This is called the dispersionless KP hierarchy. This system is equivalent to the zero-curvature equations:
Consider a two-form
Then one has 
where Ad ϕ is defined as taking Poisson bracket with ϕ:
where the left-hand side is defined by:
4.4.
Orlov-Schulman function. The Orlov-Schulman function M is the principal symbol of Orlov-Schulman operator:
It is given by [25, (1.
where t(k) = ∞ n=1 nT n k n , x = T 1 . The dispersionless version of the equations (30) and (31) are
respectively.
Write F = g≥0 2g−2 F g , then the dispersionless version of (29) is
Dispersionless S-function.
The genus zero part of log w will be be called the dispersionless S-function and will be denoted by S (0) . By (35) and (36),
where the coefficients S
n+1 are given by:
Consider the inversion of the equation (95):
Then from the linear equations (21), (22) , (27) , and (35), one can deduce the following relations: 
the spectral parameter ξ can be identified with L:
and S (0) (T; ξ) becomes a function in (T, k):
Using this equation, one can regard S (0) as a function in independent variables T and L. Then one has ∂S
∂T n = B n . (126) 4.7. Symplectic geometry. Rewrite (126) as an equation of the differential form:
Consider the exterior 2-form
Then one has 4.8. Dispersionless twistor data. Let two pseudodifferential operators f (x, ∂ x ; ) and g(x, ∂; ) be the twistor data as defined in §2.9. Let f (0) (x, k) = σ (f ) and g (0) (x, k) = σ (g) be their principal symbols respectively. They satisfy the canonical commutation relation
and furthermore,
) is called the dispersionless twistor data of the taufunction of the KP hierarchy.
. They satisfy the following equation:
Hence one can also use the pair (P, Q) as Darboux coordinates. In particular, one can express S (0) in terms of P and Q.
4.9.
Landau-Ginzburg superpotential and special deformation. Now P is a polynomial in k:
for some functions a j (0)(T). We will refer to P as the Landau-Ginzburg superpotential of the tau-function of the KP hierarchy. Let us rewrite S (0) as a function on the (P, Q)-plane, with T as parameters. We will consider the following curve:
We will call this the special deformation of the spectral curve.
4.10.
Relationship with Section 2. In this section we have taken the point of view of taking semiclassical limits of everything in last section. This has been very successful with the help of taking principal symbols. It is very interesting to reverse the direction and consider the procedure of quantizing the structures of this section and recover the structures in Section 2.
The basic geometric setting of this section is the symplectic plane with coordinates (k, x) and symplectic structure dk ∧ dx, and the algebra of functions on this plane is taken to be the space of Laurent series (138) n≥n 0 a n (x)k n , endowed with the Poisson bracket of the above symplectic structure
After the Moyal quantization, the algebra of functions can be identified with the noncommutive algebra of pseudodifferential operators
and the Moyal bracket can be identified with the bracket of pseudodifferential operators. One is naturally led to a version of noncommutative symplectic geometry as in Section 2.
From 2D Topological Gravity to Quantum Mechanics
In this Section we explain how to understand some earlier papers [32, 33] from the point of view of this paper. We also discuss the relationship to the generating series of higher Weil-Petersson volumes and some generalizations to Witten's r-spin intersection numbers. 5.1. Partition function of topological 2D gravity. As pointed by WItten [27] , the partition function of topological 2D gravity can be identified with the generating series of some intersection numbers on M g,n , the Deligne-Mumford spaces of stable algebraic curves of genus g, with n marked points. Let ψ 1 , . . . , ψ n be the first Chern classes of the cotangent line bundles corresponding to the marked points. The correlators of the 2D topological gravity are defined as the following intersection numbers:
The free energy of 2D topological gravity is defined by
where the genus g part of the free energy is defined by:
The partition function of 2D topological gravity, often referred to as the Witten-Kontsevich tau-function, is defined by
5.2.
Witten Conjecture/Kontsevich Theorem. According to Witten [27] and Kontsevich [13] , Z W K is a tau-function of the KdV hierarchy:
, and R n [u] is a sequence of differential polynomials in u defined recursively by:
Furthermore, the free energy satisfies the puncture equation:
One can show that (145) and (147) implies the following equation [8] :
This is called the string equation in Dijkagraaf-Verlinde -Verlinde [8] , and is used by them to derive the Virasoro constraints.
5.3. Kac-Schwarz characterization of Z W K . After the following change of coordinates:
(149) t n = (2n + 1)!!T 2n+1 , Z W K becomes a series in T 1 , T 3 . . . . , and a tau-function of the KP hierarchy. According to Kac-Schwarz [11] , the element V ∈ Gr (0) corresponding to Z W K is given by a basis of the form {z
where a(z) and b(z) are given by the following series respectively:
This space is characterized as follows:
5.4. Twistor data for topological 2D gravity. By (152), one gets the following twistor data for Z W K :
5.5. TheŜ-operator for topological 2D gravity. By the definition (57), we get:
Then the noncommutative special deformation is given by:
Since Z W K does not depend on T 2n for n ≥ 1, we will set them to zero in the dispersionless version is given by:
This is essentially (4) after a dilaton shift.
5.6. Generalization to higher Weil-Petersson volumes. Higher Weil-Petersson volumes Consider also the following intersection numbers:
where b i + a j = 3g − 3 + n. When a 1 = · · · = a n = 0, these intersection numbers are called the higher Weil-Petersson volumes of M g,n . Consider the generating series of such intersection numbers:
It is known to be related to Z W K as follows [12, 17, 15, 6] s n x n .
We define the special deformation of the spectral curve of Z W P by: where h −1 (s) = 0. It follows that the spectral curve of Z W P can be obtained from the spectral curve of Z W K through the special deformation of the spectral curve of Z W K .
5.7.
Generalization to r-spin intersection numbers. This is very straightforward. The element V in Gr (0) for the generating series of r-spin intersection numbers [28] is characterized by [11, 1, 4] :
The twistor data is then:
So one should rewrite theŜ-operator as:
S n+1 (T; )P −n/r , and set T rn = 0. This will leads to deformation of the curve y = 1 r x r . We will report the details in a separate paper.
Conclusions
In this paper we have combined the twistor theory of KP hierarchy developed by Takasaki and Takebe [25] with the theory of string equations developed by Schwarz [24] into a theory for producing emergent mirror symmetry for topological matters coupled with 2D topological gravity. For pure 2D gravity encoded in Witten-Kontsevich tau-function and for the generating series of higher Weil-Peterrson volumes, one gets of quantum mechanics of the plane curve y = 1 2 x 2 with its deformation parameterized by big phase space of coupling constants of gravitation descendants; for the series that encodes the r-spin intersection numbers, the curve is y = 1 r x r . Our work can be modified and generalized in many different directions. First of all, one can relax the condition that either P or Q being a differential operator of finite order. Secondly, one can the case of n-component KP hierarchy. Thirdly, one can treat a general integrable hierarchy by embedding it into an n-component KP hierarchy, if it is possible. To summarize, the two diagrams in the Introduction can be generalized. We will report these in subsequent publications.
Finally, this work provides a way to geometrically engineer quantum mechanics with some special actions from topological matters coupled to topological 2D gravity. One can expect that by taking other topological matters one can engineer more interesting actions. Of course 2d gravity is just a toy model, a physical theory should be in 4D. One can speculate about the plausibility of geometric engineering quantum mechanics from 4D gravity coupled with matters in a similar fashion, keeping in mind that twistor theory, a key ingredient in this work, has its roots in 4D theory of instantons and gravitational instantons. If this becomes successful, then one gets a new way to relate gravity to quantum mechanics.
